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Quantum Chemistry’s Road Towards The Exact 

Solution of  Schrödinger’s Equation
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Exact Solution of 
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Jacob’s ladder in DFT

Hartree

LDA

GGA

meta-GGA

hybrids

Fifth-rung

Chemical accuracy

𝑛(𝒓)

𝑛 𝒓 , 𝛻𝑛(𝒓)

𝑛 𝒓 , 𝛻𝑛 𝒓 , 𝜏(𝒓)

𝑜𝑐𝑐. 𝜓𝑖

𝑜𝑐𝑐. & 𝑢𝑛𝑜𝑐𝑐 𝜓𝑖

e.g., PBE, BLYP

e.g., TPSS, SCAN

e.g., HSE, PBE0, B3LYP

e.g., RPA, DHF

J. Perdew & K. Schmidt, in Density functional theory and its application to materials,
edited by Van Doren e al. (2001).

RPA has the same 

basis set issue as  

quantum chemistry 

methods!



Resolution of Identity (RI) Approach to RPA

𝜒0(𝐫, 𝐫′, 𝑖𝜔) = 2 ෍

𝑖,𝑗

(𝑓𝑖 − 𝑓𝑗)𝜓𝑖
∗(𝐫)𝜓𝑗(𝐫)𝜓𝑗

∗(𝐫′)𝜓𝑖(𝐫′)

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔

= ෍

𝜇,𝜈

𝑃𝜇(𝐫)𝜒𝜇𝜈
0 (𝑖𝜔)𝑃𝜈(𝐫′)

𝜓𝑖
∗(𝐫)𝜓𝑗(𝐫) = ෍

𝜇

𝐶𝑖𝑗
𝜇

𝑃𝜇(𝐫)

𝜒𝜇𝜈
0 (𝑖𝜔) = 2 ෍

𝑖,𝑗

(𝑓𝑖 − 𝑓𝑗)𝐶𝑖𝑗
𝜇

𝐶𝑗𝑖
𝜈

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔

𝐸c
RPA =

1

2𝜋
න

0

∞

𝑑𝜔  Tr[ln(1−χ0 𝑖ω 𝑉) + χ0(𝑖ω)𝑉]

𝑉𝜇𝜈 = න𝑑3𝑟 𝑑3𝑟′
𝑃𝜇(𝐫)𝑃𝜈(𝐫′)

𝐫 − 𝐫′



Basis set issue for RPA

𝜒0(𝐫, 𝐫′, 𝑖𝜔) = 2 ෍

𝑖,𝑗

(𝑓𝑖 − 𝑓𝑗)𝜓𝑖
∗(𝐫)𝜓𝑗(𝐫)𝜓𝑗

∗(𝐫′)𝜓𝑖(𝐫′)

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔

= 2 ෍

𝑖

𝑜𝑐𝑐

෍

𝑗

𝑣𝑖𝑟
𝜓𝑖

∗(𝐫)𝜓𝑗(𝐫)𝜓𝑗
∗(𝐫′)𝜓𝑖(𝐫′)

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔
+ 𝑐. 𝑐.

• Convergence with respect to the number of unoccupied states (i.e., basis 

set size ) is slow

• Practically one relies on converging energy differences (.e.g., binding 

energy) up to certain precision.

• “Correlation consistent” basis sets are preferred, which allow for 

extrapolation to the so-called “complete basis set” (CBS) limit. 



RPA converges slow with basis size

Binding energy of the water dimer, Gaussian cc-pVnZ basis sets

𝐸 𝑛 = 𝐸 ∞ −
𝛼

𝑛3



NAO basis sets: current status in the all-electron 
FHI-aims code

⚫ FHI-aims-2009 (“tier-n” ) basis sets (Blum et al., CPC  180, 2175 (2009))

generated based on the LDA energy for dimers and suitable for ground-state 

DFT/HF-type calculations.

⚫ NAO-VCC-nZ basis sets (Zhang et al., NJP 15, 123033 (2013)) generated based 

on RPA@PBE energy for atoms and suitable for “correlated calculations”. 

Officially available only for H-Ar.

⚫ “tier-n + aug”, “tier-n + STO”, or “tier-n + aug + STO”

suitable for GW or GW+BSE spectroscopy calculations.

Ren et al., NJP 14, 053020 (2012); Ren et al. PRM 5, 013807 (2021); Yao et al., JCTC 18, 
1569 (2022)

Remark: Basis set requirements for RPA and GW are different!

RPA: Energy difference between different atomic configurations, severe BSSE

GW: Energy difference between different electronic configurations



Challenges for developing NAO-VCC-nZ
for heavy elements

⚫ Optimizing the RPA total energy for atoms is very inefficient for binding energy 

calculations.

⚫ Frozen-core approximation has to be used, but which core to freeze is tricky. 

Including semi-core states lead to too big basis sets. 

⚫ The BFGS algorithm for optimization often got stuck in local minimum.  One ends 

up with different basis sets with different “initial conditions”.

⚫ A lot of trial and errors

Reliable CBS results are hard to obtain for heavy elements and complex systems!



Challenges for developing NAO-VCC-nZ
for heavy elements

⚫ Optimizing the RPA total energy for atoms is very inefficient for binding energy 

calculations.

⚫ Frozen-core approximation has to be used, but which core to freeze is tricky. 

Including semi-core states lead to too big basis sets 

⚫ The BFGS algorithm for optimization often got stuck in local minimum.  One ends 

up with different basis sets with different “initial conditions”.

⚫ A lot of trial and errors

Reliable CBS results are hard to obtain for heavy elements and complex systems!

Is it possible to develop an approach for RPA that is 

free of the single-particle basis error?
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Alternative formulation of density response function

𝜒0(𝐫, 𝐫′, 𝑖𝜔) = 2 ෍

𝑖

𝑜𝑐𝑐

෍

𝑗

𝑢𝑛𝑜𝑐𝑐
𝜓𝑖

∗(𝐫)𝜓𝑗(𝐫)𝜓𝑗
∗(𝐫′)𝜓𝑖(𝐫′)

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔
+ 𝑐. 𝑐.

Where does this expression come from?

Physically, 𝜒0(𝐫, 𝐫′, 𝑖𝜔) describes the linear variation of the density 

upon a disturbance of the Kohn-Sham effective potential,
𝜒0 𝒓, 𝒓′, 𝑖𝜔 =

𝛿𝑛(𝒓, 𝑖𝜔)

𝛿𝑣𝑒𝑓𝑓(𝒓′, 𝑖𝜔)

𝑛 𝒓 = 2 ෍

𝑖

𝑜𝑐𝑐

𝜓𝑖
∗(𝒓)𝜓𝑖(𝒓) 𝛿𝑛 𝒓, 𝑖𝜔 = 2 ෍

𝑖

𝑜𝑐𝑐

𝜓𝑖
∗(𝒓)𝛿𝜓𝑖(𝒓, 𝑖𝜔) + 𝑐. 𝑐.

𝛿𝜓𝑖 𝒓, 𝑖𝜔 = ෍

𝑗≠𝑖

𝜓𝑗 𝛿𝑣𝑒𝑓𝑓 𝜓𝑖

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔
𝜓𝑗(𝒓)

𝛿𝜓𝑖 𝒓, 𝑖𝜔

𝛿𝑣𝑒𝑓𝑓(𝒓′, 𝑖𝜔)
= ෍

𝑗≠𝑖

𝜓𝑗
∗(𝒓′)𝜓𝑖(𝒓′)

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔
𝜓𝑗(𝒓)

First-order perturbation theory:

𝛿𝑛(𝒓, 𝑖𝜔)

𝛿𝑣𝑒𝑓𝑓(𝒓′, 𝑖𝜔)
= 2 ෍

𝑖

𝑜𝑐𝑐

෍

𝑗≠𝑖

𝜓𝑖
∗(𝐫)𝜓𝑗(𝐫)𝜓𝑗

∗(𝐫′)𝜓𝑖(𝐫′)

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔
+ 𝑐. 𝑐.

(zero for 𝑗 ∈ 𝑜𝑐𝑐)



Alternative formulation of RI-RPA

෤𝜒𝜇𝜈
0 𝑖𝜔 = ඵ 𝑑𝒓𝑑𝒓′ 𝑃𝜇 𝒓 𝜒0 𝒓, 𝒓′, 𝑖𝜔 𝑃𝜈 𝒓′ = න 𝑑𝒓 𝑃𝜇 𝒓 𝑛𝜈

1
(𝒓, 𝑖𝜔)

𝑛𝜈
1

𝒓, 𝑖𝜔 = න 𝑑𝒓′ 𝜒0 𝒓, 𝒓′, 𝑖𝜔 𝑃𝜈 𝒓′ = න 𝑑𝒓′
𝛿𝑛(𝒓, 𝑖𝜔)

𝛿𝑣𝑒𝑓𝑓(𝒓′, 𝑖𝜔)
𝑃𝜈 𝒓′

෤𝜒𝜇𝜈
0 𝑖𝜔  can be understood as the projection of the linear density 

change upon a disturbance of 𝑃𝜈 𝒓 to a function 𝑃𝜇 𝒓 . 

𝜒𝜇𝜈 𝑖𝜔 = σ𝜇′,𝜈′ 𝑆𝜇𝜇′
−1 ෤𝜒𝜇‘𝜈‘

0 𝑖𝜔 𝑆𝜈‘𝜈
−1 𝑆𝜇𝜈 = න 𝑑𝒓 𝑃𝜇 𝒓 𝑃𝜈(𝒓)

How to determine first-order density 𝑛𝜈
1

𝒓, 𝑖𝜔 ? 

⚫ Expanding 𝑛𝜈
1

𝒓, 𝑖𝜔 in terms of the eigenspectrum of ෡𝐻𝐾𝑆 ➔ “Sum of States approach”.

⚫ Directly calculating 𝑛𝜈
1

𝒓, 𝑖𝜔 by solving a differential equation.

External perturbation
Density change



In practice, directly determine the spectra of 𝜒0𝑣

𝜒0𝑣 ൿห𝜙𝑛 = 𝑒𝑛 ൿห𝜙𝑛

Iteratively determine the eigenspectrum of the 𝜒0𝑣 operator! 

𝒓 𝑣 𝜙𝑛 = න
𝜙𝑛(𝒓′)

|𝒓 − 𝒓′|
𝑑𝑟′ = ෨𝜙𝑛

𝑣(𝒓)

𝒓 𝜒0 ෨𝜙𝑛
𝑣 = 𝛿𝑛(𝒓)

Solving the Poisson Eq.

Solving the Sternheimer Eq.



The Sternheimer equation approach

𝑛(1) 𝒓, 𝑖𝜔 = 𝛿𝑛 𝒓, 𝑖𝜔 = 2 ෍

𝑖

𝑜𝑐𝑐

𝜓𝑖
∗(𝒓) 𝜓𝑖

1
(𝒓, 𝑖𝜔) + 𝑐. 𝑐.

𝐻 0 − 𝐸𝑖
(0)

+ 𝑖𝜔 𝜓𝑖
1

(𝒓, 𝑖𝜔)  = 𝐸𝑖
(1)

− 𝑉 1 𝜓𝑖
(0)

𝒓

𝜓𝑚
1

𝒓, 𝑖𝜔 satisfies the so-called  Sternheimer equation:

where

𝐻 0 𝜓𝑖
0

(𝒓)  = 𝐸𝑖
(0)

𝜓𝑖
(0)

𝒓

𝐸𝑖
(1)

= 𝜓𝑖
(0)

𝑉 1 𝜓𝑖
(0)

𝑉 1 (𝒓) = 𝑃𝜈(𝒓)

• Expanding 𝜓𝑖
1

(𝒓, 𝑖𝜔) in terms of atomic orbital basis  yields the same results as 

the “sum over states” approach.

• Solving the Sternheimer equation on a real-space grid can go beyond the Hilbert 

space expanded by the finite NAO basis set.



Solving the Sternheimer equation for a single atom

−
1

2𝑟

𝜕2

𝜕𝑟2
𝑟 +

𝑙′ 𝑙′ + 1

2𝑟2
+ 𝑉 𝑟 − 𝐸𝑖

0
+ 𝑖𝜔 𝑢

𝑖,𝑙′𝑚′
1

𝑟, 𝑖𝜔

= 𝐺𝑙′𝐿𝑙
𝑚′𝑀𝑚 𝐸 1 𝛿𝑙′,𝑙𝛿𝑚′,𝑚 − 𝑉 1 𝑟 𝑢𝑖𝑙

0
𝑟

𝜓𝑖
1

𝒓, 𝑖𝜔 = ෍

𝑙′𝑚′

𝑢
𝑖,𝑙′𝑚′

1
(𝑟, 𝑖𝜔)𝑌𝑙′𝑚′(𝜃, 𝜑) 

Simplifications for a single atom:

𝜓𝑖
0

𝒓 = 𝑢𝑖𝑙
0

𝑟 𝑌𝑙𝑚(𝜃, 𝜑)

𝑉 1 𝒓 = 𝑃𝜈 𝒓 = 𝑉 1 𝑟 𝑌𝐿𝑀(𝜃, 𝜑)

The Sternheimer equation is reduced to a one-dimensional radial differential 

equation that can be solved by the finite difference method on a dense radial 

grid.
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Basis set convergence for the RPA correlation energy

Reference results are obtained using the “hard-wall cavity” method:

Jiang & Engel, JCP 127, 184108 (2007) 

The Sternheimer results still depends on the auxiliary (RI) basis sets generated by the  

single particle orbitals. 



Distinguishing SPBS errors and RI errors
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SPBS: single-particle basis set;  ABS: auxiliary basis set set

∆(1)𝜒0 𝐫, 𝐫′, 𝑖𝜔 = 𝜒0 𝐫, 𝐫′, 𝑖𝜔 − 2 ෍

𝑖

𝑜𝑐𝑐

෍

𝑗

𝑢𝑛𝑜𝑐𝑐
𝜓𝑖

∗(𝐫)𝜓𝑗(𝐫)𝜓𝑗
∗(𝐫′)𝜓𝑖(𝐫′)

𝜀𝑖 − 𝜀𝑗 − 𝑖𝜔
+ 𝑐. 𝑐.

∆(2)𝜒0 𝐫, 𝐫′, 𝑖𝜔 = 𝜒0 𝐫, 𝐫′, 𝑖𝜔 − ෍

𝜇,𝜈

𝑃𝜇(𝐫) 𝜒𝜇𝜈
0 (𝑖𝜔)𝑃𝜈(𝐫′)

: SPBS error

: RI error



RPA correlation energies for other atoms

H. Peng, S. Yang, H. Jiang, H., Weng, and X. Ren, J. Chem. Theory Comput. 19, 7199 (2023). 

Accurate RPA correlation energies for atoms from H to Kr are provided.



Visualizing the basis set error in real space

𝛿𝑛(1) 𝑟 = 𝑛Sternheimer
(1)

− 𝑛SOS
(1)
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Solving the Sternheimer equation for diatomic molecules

𝜉 =
𝑟1 + 𝑟2

2
, 0 ≤ 𝜉 < ∞

𝜂 =
𝑟1−𝑟2

𝑅
,  −1 ≤ 𝜂 ≤ 1

The prolate spheroidal coordinates system （长球面坐标系）

𝜃: azimuth angle,  0 ≤ 𝜃 ≤ 2𝜋

For convenience, transforming prolate spheroidal coordinates 

𝜉, 𝜂, 𝜃 are transformed into 𝜇, 𝜈, 𝜃  variables:

𝜇 = 𝑐𝑜𝑠ℎ−1𝜉 0 ≤ 𝜇 ≤ ∞
𝜐 = 𝑐𝑜𝑠−1𝜂 0 ≤ 𝜐 ≤ 𝜋

𝑁𝜇 = 120~180

𝑁𝜐 = 100~150
𝜇 𝑖 = 𝑖 − 1 ∗ ℎ𝜇

𝜐 𝑖 = 𝑖 − 1 ∗ ℎ𝜐



Solving the Sternheimer equation for diatomic molecules

𝜓𝑖 𝒓 = 𝑓(𝜇, 𝜈)𝑒𝑖𝑚𝜃

𝐻 0 − 𝐸𝑖
(0)

+ 𝑖𝜔 𝜓𝑖
1

(𝒓, 𝑖𝜔)  = 𝐸𝑖
(1)

− 𝑉 1 𝜓𝑖
(0)

𝒓

𝑉(1) 𝒓 = 𝑉(1)(𝜇, 𝜈)𝑒𝑖𝑀𝜃

𝜓𝑖
1

𝒓, 𝑖𝜔 = 𝑓𝑚+𝑀
1

𝜇, 𝜈 𝑒𝑖(𝑚+𝑀)𝜃

For each 𝑀, solve a set of linear equation on grids (𝜇, 𝜈)

Convergence parameters: 

Grid size: (𝑁𝜇, 𝑁𝜈)

Maximal 𝑀 : 𝑀max

Number of eigenmodes: 𝑁eigen

Number of frequency points: 𝑁ω

𝐸c
RPA =

1

2𝜋
න 𝑑𝜔 ෍

𝑀

𝑀max

෍

𝑖

𝑁eigen

ln 1 − 𝑒𝑖,𝑀(i𝜔) + 𝑒𝑖,𝑀(i𝜔)

𝜃

RPA correlation energy



Convergence behavior

Convergence with respect to 𝑁eigen

𝐸 𝑀max = 𝐸 ∞ +
𝛼

𝑀max
3

H. Peng and X. Ren, Phys. Rev. A 112, 062819 (2025)



Test results for dimers

Kr2

Error of frozen-core approximation



Benchmark results for diatomic molecules

H. Peng and X. Ren, Phys. Rev. A 112, 062819 (2025)

F12方法



Outline

• Introduction to the random phase approximation (RPA) and the basis 

set issue

• Accurate RPA correlation energies by solving the Sternheimer

equation on real-space grids

• Summary and outlook

 Atoms

 Diatomic molecule

 General polyatomic molecules



Solving the 3D Sternheimer Equation

Finite Element (FE) Grid

A Delta-Sternheimer Approach combining 

NAOs and finite element grids

AO spaceFE space

H. Peng, H. Liu, C. Li, H. Xie, and X. Ren, Phys. Rev. B, to be published; arXiv:2510.15570v2



Workflow of the Delta-Sternheimer Approach 

AO space

Integrating the NAO-based FHI-aims code and the 

finite-element code OpenPFEM.



Convergence behavior with the FE grid density 

H. Peng, H. Liu, C. Li, H. Xie, and X. Ren, Phys. Rev. B, to be published; arXiv:2510.15570v2



Energy hierarchy of 20 water dimer configurations 

H. Peng, H. Liu, C. Li, H. Xie, and X. Ren, Phys. Rev. B, to be published; arXiv:2510.15570v2



Basis error in atomization energies 

5Z: aug-pwCV5Z CBS(Q,5) Unit: kcal/mol 

H. Peng, H. Liu, C. Li, H. Xie, and X. Ren, Phys. Rev. B, to be published; arXiv:2510.15570v2



Summary

HF

MP2

CCSD

CCSD(T)

CI

DZ TZ QZ 5Z 6Z CBS

Exact Solution of 

Schrödinger’s Eq.

RPA
RPA at CBS

Genuine CBS limit of PRA is obtained for small molecules!

JCTC. 19, 7199 (2023); PRA 112, 062819 (2025); arXiv:2510.15570v2

https://arxiv.org/abs/2510.15570v2


Outlook

• Extending real-space GW to polyatomic molecules

• Extending to periodic systems

• Generating optimized correlation consistent NAO basis sets 

guided by the reference data
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